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0. Complexity Theory --- Zoology 

Complexity Zoo 

Too many !!  

Don't be 
 panic  !! 

1.  Do not get trapped by notations 
    and mathematical def.s 
2. Consider always story! 
3. There must be some motivations 
    behind def.s and thm.s 

Master's guide for your study: 



Let us find good targets !!! 

L. Fortnow 
 by wizard 

by collaboration 

Complexity Zoo 

0. Complexity Theory --- Zoology 



1. Problem and Algorithm 

adjacency 
         matrix 



{ 0, 1 }* 

Image#1 

Input instance 
decision 

1. Problem and Algorithm 



1. Problem and Algorithm 



bin string 
      in { 0, 1 }* 

010110 var. $1 

integer 22 

1. program (algorithm) itself is encoded in {0, 1}*. 

2. # of produced bits ≤ # of comp. steps 

Note 

1. Problem and Algorithm 



2. Comp. Complexity Measure 

Image #2 → n 

t 
↑ 

12 

max step at n = 12 

this curve is  
    comp. complexity 

incomparable 



2. Comp. Complexity Measure 

incomparable 

Image #3 



2. Comp. Complexity Measure 

This asymptotic analysis is often used. 

= 

Image #3 

y 

= 

n1 n2 n3 



3. Basic Complexity Classes 

Polynomial ?  
              12n － 819n  + 52n  + 128 

                   = O(n   )  

                   = n        = polynomial on n 

8 5 

8 

3 

O(1) 

functions larger than polynomials:  

                 n                 n            2          2 log (log n) log n n n 3 

EXP 



 Randomized computation is allowed 
  to use random coin tosses for some decision 
  during the computation  
 
 
 
 
 
 
 
 
 

Idea 

+ to make some errors  

0110 ⋯ 
random 0,1 -seq. w 

x 
input string 

1 (= yes) 
0 (= no) 

Prw [ A( x ; w ) = [ x ∈ L ? ] ] 

A 

Prw [ A( x ; w ) = [ x ∈ L ? ] ] 
= correct prob. 
= error prob. 

deterministic algorithm 

3. Basic Comp. Classes:  
               Randomized Comp. Classes 



 For a given decision problem, an algo.  A  is called 
 bounded error if 
 

Def. 

Prw [ A( x ; w ) = [ x ∈ L ? ] ] < 1 / 3 

 x ∈ L  ⇒ Prw[ A( x ; w ) = 1 ]  > 2 / 3 
 x ∈ L  ⇒ Prw[ A( x ; w ) = 0 ]  > 2 / 3   

in other words 

1/3 ～ 2/3 
  does not occur 

promise 
     algorithm 

3. Basic Comp. Classes:  
               Randomized Comp. Classes 



3. Basic Complexity Classes 

   P   = class of problems solvable in poly. time 
BPP = class of problems solvable in poly. time 
                        by some bounded error algorithm 
EXP = class of problems solvable in 2poly time 

  P   BPP   EXP  
Thm. 

Def. 

 P = BPP 
Conjecture 



4. Class NP 

Def. 
NP  
   = class of problems for deciding  x in L for a set 
      that can be characterized as follows 
 
 
 
       with some polynomial  qL(n)  and some 
       poly. time computable predicate RL. 

証拠 witness 
witness checking 
predicate 



COLOR  

4. Class NP 



Example:  3Coloring Problem 
   Color vertices with three colors 
         by using different colors for adj. vertices   
ＮＧ 

ＯＫ 

4. Class NP 



NP set 

4. Class NP 

  P   NP  EXP  
Thm. 

P 

NP coNP 

Image #4 

EXP 

   P = NP 
Conjecture 

VC ∈ P ? 

HAM ∈ P ? 



5. Poly. time reducibility 

 Solve  A  by using algo. for  B 
Idea 



Thm 

Proof. By the following algorithm. 

5. Poly. time reducibility 

Thm 

Thm 



We say that  C  is NP-complete if 
(1)  C in NP, 
(2)  every  L  in NP, we have  L      C.   

NP coNP 

 Image #4 
P 

EXP 

NP-complete sets 

5. Poly. time reducibility: Completeness 

Def. 

 C ∈ P ⇔  P = NP 
Thm 

Consider any  complete set  C .  

 For any L in NP 
    hardness of L  ≤  harness of C  

Idea 



5. Poly. time reducibility: Completeness 

 SAT is NP-complete 
Thm [Cook-Levin]  

Example 

K = {  ( R, x, 0t ) :      w such that R( x, w ) = 1 in t steps  }  

encoded in {0, 1}* 

Thm  K is NP-complete 

Proof. 
h(x) = ( RL, x, 0p(n) )  

our reduction 

h(x)  in  K ( RL, x, 0p(n) )  in  K  

Consider any  L  in NP. 
We may assume some  RL  such that for any  x. 

    x  in  L     w  such that  RL( x, w ) in  p(n) steps 

seq. of t 0's, i.e., 00...0 



三彩色問題 充足割当て問題 
整数計画問題 

抽象化された問題 

～
 

具体的な問題 

素因数分解 
 

効率解法が 
見つかる場合も ! 

線形計画問題 
マッチング問題 

典型的 NP 問題 = NP 完全問題 

キャッシュフローの管理 
電力網設計 
病院・医師  配置 

公開鍵暗号の解読 

Cook-Levin の定理  



Remark !!  Everything is within poly. time factors 

5. Poly. time reducibility: Completeness 

NP-complete problems are 
     * typical NP problems, and 
     * most difficult problems in NP 
 but !! .... 

furthermore, within the worst-case scenario. 
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